Geometric Berry phase can be induced either by spin-orbit coupling, giving rise to the anomalous Hall effect in ferromagnetic materials, or by chiral spin texture, such as skyrmions, leading to the topological Hall effect. Recent experiments have revealed that both phenomena can occur in topological insulator films with magnetic doping, thus providing us with an intriguing platform to study the interplay between these two phenomena. In this work, we numerically study the anomalous Hall and topological Hall effects in a four-band model that can properly describe the quantum well states in the magnetic topological insulator films by combining Landauer-Büttiker formula and the iterative Green's function method. Our numerical results suggest that spin-orbit coupling in this model plays a different role in the quantum transport in the clean and disordered limits. In the clean limit, spin-orbit coupling mainly influences the longitudinal transport but does not have much effect on topological Hall conductance. Such behavior is further studied through the analytical calculation of scattering cross-section due to skyrmion within the four-band model. In the disordered limit, the longitudinal transport is determined by disorder scattering and spin-orbit coupling is found to affect strongly the topological Hall conductance. This sharp contrast unveils a dramatic interplay between spin-orbit coupling and disorder effect in topological Hall effect in magnetic topological insulator systems.
I. INTRODUCTION
For electric conductors placed in an external magnetic field, the Lorentz field felt by electrons can lead to a voltage transverse to the electric current, which is known as the Hall effect 1 . In magnetic systems, the exchange interaction between electron spin and magnetic moments can give rise to additional topological contributions to the Hall effect. In a ferromagnetic (FM) system with a strong spin-orbit coupling (SOC), the additional Hall contribution is induced by Berry phases accumulated by the adiabatic motion of quasiparticle on the Fermi surface in the momentum space and normally known as (intrinsic) anomalous Hall effect (AHE) 2, 3 . On the other hand, when electrons propagate through chiral magnetic structures, e.g. skyrmions, in the real space, they can also feel Berry phase due to the magnetization texture, leading to the so-called "topological Hall effect (THE)" (also known as "geometric Hall effect") [4] [5] [6] [7] [8] . Both Hall phenomena originate from Berry phase contribution and thus are topological. An intriguing question is how to understand the topological contribution to the Hall effect in a magnetic skyrmion system with strong SOC, where the Berry phase exists in both the real and momentum spaces.
Topological insulator (TI) films with magnetic doping, dubbed "magnetic topological insulator (MTI)" below, provide an ideal platform to explore the interplay between AHE and THE. The coexistence of strong SOC and ferromagnetism in MTI films can result in a strong AHE 9 , and the Hall resistance can even achieve the quantized value when the chemical potential is tuned into the magnetization gap of surface states. Such phenomenon, known as the quantum anomalous Hall (QAH) effect [10] [11] [12] [13] , has been experimentally observed in Cr or V doped (Bi,Sb) 2 Te 3 films 14 . Furthermore, the surface states in TI film can also mediate Dzyaloshinsky-Moriya (DM) interaction between magnetic moments due to spin-momentum locking 15, 16 . As a result, chiral magnetic structures, such as skyrmion, are also possible. Indeed, recent experiments on Cr-doped-(Bi,Sb) 2 Te 3 /(Bi,Sb) 2 Te 3 structure 17 and Mn-doped Bi 2 Te 3 18 have observed a hump in the Hall resistance hysteresis loop at a small magnetic field. The hump structure is attributed to THE while the Hall hysteresis loop implies AHE. Therefore, the interplay between the AHE from ferromagnetism and the THE from magnetic skyrmion will be substantial to understand the electron transport phenomena in MTI films. In addition, MTI is normally highly disordered due to magnetic doping and it is not well understood how the disorder influences the THE in such strong spin-orbit coupled materials.
In this work, we numerically study the magnetotransport of MTI films with a magnetic skyrmion based on a four-band model by combining the iterative Green's function method and the Landauer-Buttiker formalism. Our numerical results suggest that (1) both AHE and THE can coexist in our model system and the total Hall effect can be decomposed into the summation of these two effects; (2) in the clean limit, the topological Hall conductance (THC) almost remains constant but the topological Hall resistance (THR) can increase due to the reduction of longitudinal conductance when the SOC is increasing; (3) in the disorder limit, both the THC and THR are increasing with increasing SOC, while longitudinal conductance is not influenced much by SOC. In addition to numerical simulations, we also studied the scattering cross-section of a skyrmion texture ana-lytically with the second-order Born approximation to provide a more theoretical understanding of this system. Our results are organized as the following. In Sec. II, we will describe our model Hamiltonian for the quantum well states in MTI films. In Sec. III, we will give our numerical results based on Landauer-Buttiker formalism for the model Hamiltonian and present the corresponding theoretical analysis. The calculation of scattering cross-section will be performed in Sec. IV to provide the additional theoretical understanding of the asymmetric scattering for our model Hamiltonian. The disorder effect is numerically calculated and discussed in Sec. V. The conclusion will be drawn in Sec. VI.
II. MODEL HAMILTONIAN
The TI films can be modeled by a 3D four-band model in a quantum well (QW) with an infinite potential along the z direction 19, 20 . The confinement effect along the z direction can be approximated by choosing k z = 0 and k
2 , where n b is an integer to label the subband index and d is the width of the QW 21 . As shown in the Appendix A 22 , we project the 3D four-band model into the subspace spanned by these QW sub-bands and obtain a 2D four-band BHZ-like model given by
on the basis (|+ ↑ , |+ ↓ , |− ↑ , |− ↓ ), where σ and τ are Pauli matrices for spin and orbital subspaces.
⊥ and α labels the SOC strength.
2 (See appendix for details) depends on the integer sub-band index n b . Depending on the sub-band index n b (assuming M < 0 and B 1 > 0), the four band model for the QW sub-bands can be in the inverted regime if M 0 B < 0 or in the normal regime M 0 B > 0. It should be mentioned that the Hamiltonian (1) is block-diagonal with one block set by the basis (|+ ↑ , |− ↓ ) and the other block by the basis (|+ ↓ , |− ↑ ). These two blocks are related to each other by time-reversal symmetry and are degenerate. This degeneracy will be broken when introducing ferromagnetism or magnetic skyrmion into the system. Since we focus on the transport regime dominated by these QW states in this work, we expect that multiple QW subbands with different n b will be present at the Fermi energy. To simplify the problem, we treat QW sub-bands in the Hamiltonian (Eq. 1) with different n b independently. Thus, we may choose M 0 as an independent parameter and discuss below the transport behaviors for the parameter M 0 in different regimes. The SOC term (α term) couples the state |+ ↑ (|+ ↓ ) to the state |− ↓ (|− ↑ ) in different orbital basis, which is different from the conventional Rashba SOC where the SOC term couples different spin states in the same orbital basis. Here we adopted the Hamiltonian form (Eq. 1) in Ref. 19 , which is equivalent to the more standard Hamiltonian form given in Ref. 20 up to a unitary transformation U = Diag(1, 1, −i, i).
For MTI, the exchange interaction between electron spin and magnetic moment is given by
where m(x, y) represents the magnetization. The magnetic skyrmion texture can be taken into account by choosing the m configuration m = m 0 (sin θ cos φ, sin θ sin φ, cos θ)
where m 0 represents the magnetization strength, θ and φ label the magnetization direction, ρ and ϕ define the spatial polar coordinates with (x, y) = (ρ cos ϕ, ρ sin ϕ), and R is the radius of the skyrmion. The chirality of the skyrmion is characterized by the integer number n, which is chosen to be +1 (a single skyrmion) or −1 (a single anti-skyrmion) below. The parameter η denotes the helicity phase, which is an irrelevant parameter. It should be pointed out that the unitary transformation U should be applied to the Hamiltonian (2) in order to be consistent with the Hamiltonian (1). However, we find the THE only depends on the chirality of skyrmion texture, which is unchanged under the transformation U , and thus we can still use the Hamiltonian (2) to describe skyrmion texture. Physically, the magnetic skyrmion can be energetically stabilized by the interplay of the Zeeman coupling and DM interaction in MTI films 23 . In this study, we assume the skyrmion structure in our system ( Fig. 1(a) ) and focus on the influence of skyrmion on magneto-transport.
Due to the absence of translation symmetry in a system with a single skyrmion, we numerically explore magnetotransport directly in the real space. To perform such calculation, we implement the tight-binding regularization on the Hamiltonian (1) and (2), which is given bŷ
where
. i is the on-site energy and V ij is the hopping matrix between the nearest neighbors i and j. Both i and V ij are 4 by 4 matrices and their detailed forms can be related to those in the continuous model (Eq. 1), as listed in the Appendix B 22 . The consistency between the tight-binding Hamiltonian (4) and the continuous Hamiltonian (1) and (2) is also discussed in the Appendix B 22 . We consider a 2D square lattice with the side length L. The skyrmion texture is located at the center of the lattice, as shown in Fig. 1 each side of the square lattice. We adopt the recursive Green's function method 24 to evaluate the transmission coefficient T pq between the leads p and q (p, q = 1, 2, 3, 4). The relationship between currents and voltages is calculated using the Landauer-Büttiker formalism
Due to the charge conservation of the whole system, the matrix T is singular. Without loss of generality, we set V 4 = 0 and remove the corresponding column/row in T . To set up a Hall configuration, we consider a current flow from the lead 1 to 3, as setting I 1 = −I 3 = I and I 2 = 0. Voltages of the leads are calculated through
, where the matrix T is the 3×3 transmission matrix. The longitudinal resistance R xx and the Hall resistance R xy can be extracted by R xx = (V 1 − V 3 )/I and R xy = V 2 /I. . Here we consider two sets of parameters, one for the trivial regime, denoted as (i), and the other for the QAH regime, denoted as (ii) below. While all the other parameters are the same (m 0 = 4/3, α/t = 2, a 0 = 1, B = 1) for the parameter sets (i) and (ii), the parameter M 0 is chosen to be different (M 0 = 2 for (i) and M 0 = 1 for (ii)). To see the topological property of the full Hamiltonian with these two parameter sets, we may consider the FM case with m(x, y) = m 0 (0, 0, 1). For the parameter set (i), we notice that both blocks of bands in the Hamiltonian (4) are in the normal regime since (M 0 ± m 0 )B > 0. In contrast, the system for the parameter set (ii) is in the QAH regime since one block is in the normal regime (M 0 + m 0 )B > 0 while the other is in the inverted regime (M 0 −m 0 )B < 0. The corresponding energy dispersions for a slab configuration with these two parameter sets are shown in Fig. 1(b) and (c), from which one can see a full gap for the parameter set (i) and gapless chiral edge states appear in the bulk gap for the parameter set (ii). In this work, we focus on the transport behavior of the metallic regime when the Fermi energy E f crosses one valence band top (E f /t ∈ [−2, −0.7] for the parameter set (i) and [−2.6, −1] for the parameter set (ii) in Fig. 1(b) and (c) ). For the purpose of the quantized conductance within the gap, the parameter set (i) and (ii) represent a comparison between a trivial and a non-trivial gap. The difference is briefly discussed in Appendix D 22 . For the transport calculation, three magnetic configurations, namely ferromagnetism (m = −m 0ẑ ), a skyrmion (n = +1) and an anti-skyrmion (n = −1) are considered and the corresponding Hall resistances R FM , R Sk,+1 and R Sk,−1 are shown by the yellow, red and blue lines in Fig. 2(a1) and (b1) for the parameter sets (i) and (ii), respectively. One can clearly see that R Sk,+1 is much larger than R FM , while R Sk,−1 has the opposite sign. For the FM case, the Hall resistance only originates from the AHE, while in the skyrmion cases, both THE and AHE can contribute due to the coexistence of strong SOC and chiral magnetic structure. We expect the THE (AHE) is dependent (independent) on the chirality of the skyrmions. Therefore, we can decompose the Hall resistances R Sk,±1 into chirality dependent part, R THE , and independent part, R AHE ,
where the index n stands for the chirality of the skyrmion. Based on the decomposition of Eq. 6, Fig. 2 (a2) and (b2) depict R AHE (blue line) and R THE (yellow line) as a function of Fermi energy for the parameter sets (i) and (ii), respectively. In addition, R FM is shown by the red line. Fig. 2 (a2) and (b2) show the following features. (1) R FM generally shows a similar behavior as the blue line of R AHE (except that the Fermi energy is close to band gap), and thus the magnetic skyrmion does not have a strong influence on the AHE in the metallic regime and validates the decomposition of the Hall resistance. (2) R AHE is FIG. 2. (a1, b1) Red, blue and yellow lines represent Hall resistance in FM, skyrmion and anti-skyrmion cases as the function of Fermi energy, for the parameter sets (i) and (ii), respectively. SOC strength α/t = 2. (a2, b2) Blue and yellow lines are the extracted AHE and THE contribution RAHE and RTHE from Eq. 6. Red lines are the same in (a1, b1) representing the FM contribution RFH as a comparison. Note that RAHE and RFH are close in value in a wide range of energy, suggesting the skyrmion texture has a minimum reduction on the AHE effect. Fig. 2 expressed in conductances. (a1, b1) the Hall conductances for the parameter sets (i) and (ii), respectively. (a2, b2) the extracted decomposition into AHE and THE contribution. The ferromagnetic system is marked with red lines. Note that GFM is also close to GAHE, showing that the decomposition approximation works for both resistance and conductance.
FIG. 3. The same system as
much larger for the parameter set (i) than that for (ii), due to the energy range (shaded area in Fig. 1(b,c) ) is closer to band center for parameter set (ii). (3) For both parameter sets, we notice that R THE increases rapidly when the Fermi energy is tuned towards the valence band top.
We next turn to the Hall conductance with the same parameters, as shown in Fig. 3 . Here the red, blue and yellow lines are for the Hall conductance with the FM, skyrmion (n = +1) and anti-skyrmion (n = −1) configurations in Fig. 3 (a1) and (b1) for two parameter sets. A similar decomposition
is considered and the corresponding G AHE and G THE are plotted in Fig. 3 (a2) and (b2), which show the following features.
(1) The decomposition of Hall conductance also remains valid in most energy ranges, as indicated by the coincidence between G AHE and G FM in most energy ranges. (2) In contrast to Hall resistance, the Hall conductance is almost a constant in the whole metallic region for both parameter sets. (3) G AHE (or G FM ) is smaller for the parameter set (i) compared to that for (ii) while G THE is comparable for both parameter sets. Fig. 4 (a) and (b) ((c) and (d)) reveal the THE contribution R THE (G THE ) from the decomposition of Eq. 6 (Eq. 7) as a function of the Fermi energy for different SOC strength α for both parameter sets. An enhancement of R THE is found while G THE remains almost unchanged when increasing the SOC strength or the Fermi energy for both parameter sets. G THE is only found to drop when the Fermi energy is close to the band gap (insulating regime). To understand our numerical results, we will next present a theoretical analysis of the transport behavior of the model based on our numerical simulation of the Landauer-Buttiker formalism. The symmetry property of the transmission matrix T pq in the Eq. 5 will be first analyzed. For the FM and n = +1 skyrmion cases, the system respects the C 4 rotation symmetry, while for the anti-skyrmion with n = −1, the system possesses the S 4 improper rotation symmetry. In all cases, we find the transmission matrix elements can be characterized by three independent parameters based on the following relations
where a, b and c can be understood as the probability of electronic modes going straight, turning left and turning right, respectively, after they entered the spin-textured structure from any of the leads. With this simplification, direct calculations from the Landauer-Büttiker formalism give rise to the Hall and longitudinal resistance as
where we define the parameters β ≡ a+b to be the transmission probability and ∆ ≡ (b−c) to be the asymmetric scattering between the left and right directions. We further assume ∆ b ≈ c, which can be justified based on our numerical calculations for both parameter sets. The corresponding Hall and longitudinal conductance is
Eq. (9) and (10) are the basis for the analysis below. We can see that β is related to the forward transmission and determines the longitudinal conductance G xx while ∆ represents the asymmetry between the left and right scattering and determines the Hall conductance G xy . In Fig. 5 , we demonstrate the behaviors of β and ∆ for the parameter set (i) as an example, from which we can understand the behaviors of AHE and THE.
Below we will analyze the behavior of ∆ first ( Fig. 5  (d) -(f) ). In Fig. 5(d) , one can see that ∆ increases when increasing the SOC parameter α in the FM case. From  Fig. 5(e) and (f), we find the value of ∆ is much larger when there is a skyrmion or anti-skyrmion as compared to the FM case. We may also consider a decomposition ∆ Sk,n = ∆ AHE + n∆ THE and the corresponding ∆ THE and ∆ AHE are plotted in Fig. 6(a) and (b) , respectively. One can see that all the curves for ∆ THE fall into one line and thus are independent of the SOC parameter α, while ∆ AHE increases rapidly with α. From Eq. (10), we expect that G xy exhibits a similar behavior as ∆, which was indeed revealed in Fig. 4(c) . Therefore, we conclude that SOC mainly increases the AHE contribution, but has little influence on the THE contribution to our fourband model in the clean limit.
Next, let us analyze the behavior of transmission β. For all three spin textures, the values of β and the dependence of β on SOC and the Fermi energy are quite similar, and thus we would not specify the magnetic texture for the discussion below. As expected, β is decreasing when tuning Fermi energy to the valence band top (more insulating). In addition, we find a rapid decreasing of β when increasing the SOC parameter α in Fig. 5 . This can be understood as the following. SOC tends to induce precession of electron spin and rotate it from the easy axis set by local magnetization. As a consequence, a strong scattering can be induced by the exchange coupling between electron spin and magnetic moments, and thus reduces transmission. It turns out that the reduction of transmission β has a substantial influence on the behavior of Hall resistance R xy . From Eq. 9, we can see that R xy depends on the ratio between ∆ and β 2 . Therefore, although increasing SOC does not enhance ∆, it reduces β, and thus increases R xy as shown in Fig. 4 . (For a full figure of R xy for all SOC and spin textures, please see Appendix Fig. C1 .) This analysis leads to the following conclusion for our model in the clean limit: (1) SOC does not have much influence on THE and (2) the behavior of R THE is mainly determined by the forward transmission β, rather than the asymmetric scattering ∆.
IV. ANALYTICAL RESULTS OF CROSS SECTION
In this section, we will provide more physical understanding on THE for our four-band model by analytically calculating the differential cross section of this system. We notice that topological surface states scattered by a magnetic skyrmion have been studied in Ref. 25 and 26, while we focus on bulk QW states here. Due to the presence of spin-polarized background S z =ẑ, we can treat H 0 = H 0 − m 0 σ z ⊗ τ 0 as the unperturbed Hamiltonian, and takeV (r) = −(m(r) · σ − m 0 σ z ) ⊗ τ 0 as the perturbation (scattering potential), where m(r) has been defined above in Eq. (3) and m 0 can be regarded as the exchange coupling strength between the conduction electron and local magnetic moment. The differential cross section of electron scattering is given by
where φ is the scattering angle. ψ p α and ψ pβ are eigenstates ofH 0 that describe the incident and scattered states respectively with p and p is the associated momenta. F αβ = F αβ (p, p ) = ψ p α |V +VĜ 0V |ψ pβ is the scattering amplitude up to the second order Born approximation, whereĜ 0 is the Green's function associated with unperturbed HamiltonianH 0 . Asymmetric component of dσ(φ) dφ αβ with respect to φ, being responsible for the Hall response, arises from cross-terms between the first and second Born approximation. A major difficulty in this calculation is the computation of ψ p α |VĜ 0V |ψ pβ due to the Bessel function-like Green's function in 2D. Here we use the momentum representation so that ψ p α |VĜV |ψ pβ = dp 1 
For simplicity, we use a Bloch skyrmion configuration and let its polar angle in Eq. (3) be θ = π exp(−r/a), where a is the radius of the skyrmion. In the analytical calculations, Bessel functions of qr will be used throughout the whole calculation, where q = p − p . In the small angle scattering assumption, qr 1, so that we can expand the Bessel functions with Fourier series and keep the lowest order terms. In the current calculation, we are interested in the situation where the Fermi surface intersects only with the lowest electron band ofH. Direct calculation shows that the asymmetric part of the corresponding differential cross section is given by
where D(ε F ) is the density of states at the Fermi energy, and ω = arccos[(Bp
The cross-section as a function of scattering angle φ for different m 0 are shown in Fig. 7 . With a small or intermediate exchange coupling strength m 0 , we find that the asymmetric component of the differential cross section increases with the SOC parameter α, and eventually saturate at large α limit, as shown in Fig. 7(a) . On the other hand, when m 0 is large, the influence of SOC parameter α becomes negligible due to the dominant role of exchange coupling in inducing THE in this regime, as shown in Fig. 7(b) , and our numerical results are consistent with the analytical result in this regime. 
V. DISORDER EFFECT
We next examine the disorder effect on THE in MTI films, as shown in Fig. 8(a-d) , which reveal new features compared to Fig. 4 in the clean limit. To consider the disorder effect, we introduce a spin-independent uniformly-distributed random on-site potential term
with 0 < V imp ≤ 2t chosen in our calculations. All the calculations are performed with the disorder average over 160 samples. After such a sample average, the uncertainty (dictated by the error bars in Fig. 4 ) is much smaller than its mean value. We implement a similar decomposition of Hall conductance and resistance, as specified in Eq. (6) and (7) for each individual run, and the disorder-averaged Hall resistance (R THE ) and conductance (G THE ) from the THE contribution are revealed in Fig. 8(a, b) and (c, d) for two parameter sets (i) and (ii), respectively. Here the circle, square and diamond label different disorder strength V imp = 1, 1.5 and 2 in the unit of t, while the green and black colors are for different SOC strength (α/t = 0 and α/t = 2). The solid lines show the results in the clean limit for comparison. With increasing the disorder strength, one can clearly see the decreasing of both Hall resistance R THE and conductance G THE . A striking feature emerges in the Hall conductance G THE when increasing disorder strength. G THE is unchanged for different SOC strength in the clean limit, as seen by the coincidence between black and green solid lines in Fig. 8  (c) and (d) . In contrast, for intermediate or strong disorder strength, G THE at a large SOC α/t = 2 can be much larger than that at zero SOC, as shown by the green and black markers in Fig. 8c and d . This suggests that SOC can stabilize the THE against disorder scattering. We also analyze the disorder-averaged forward transmission β and asymmetric scattering ∆, shown in Fig. 9(a) and  (b) . Interestingly, we find that with increasing disorder scattering, forward transmission β, although being reduced for both SOC strengths, becomes comparable for α/t = 0 and α/t = 2 when V imp is increased above 1.5t. This suggests that the mean-free path of electrons is determined by disorder, rather than SOC, at this disorder strength V imp /t = 2. In contrast, although the asymmetric scattering parameter ∆ is reduced for both SOC strengths, its reduction is much slower when the SOC α is strong, which can be clearly seen by the fact that the green markers (α/t = 2) are above the black markers (α/t = 0) in Fig.9 (b) . In contrast to the clean limit, in which SOC only enhances R xy but not G xy due to the reduction of transmission β, SOC mainly influences the asymmetric scattering ∆ and thus will enhance both R xy and G xy in the disordered limit. Therefore, we conclude that the THE is stabilized by SOC in the disordered limit. 
VI. DISCUSSION AND CONCLUSION
In summary, we have studied the AHE and THE in an MTI model with skyrmion configuration and revealed how the magneto-transport behaviors in such systems are influenced by SOC, Fermi energy and disorder through numerical calculations and theoretical analysis. In particular, our calculations demonstrate the importance of disorder effect in determining the role of SOC in the THE. Given the recent experimental efforts in MTI systems 17, 18 , our numerical and theoretical results will provide a physical understanding of these magnetotransport measurements and may stimulate further experimental studies. It should be pointed out that the SOC term we used here preserves inversion symmetry and thus is different from the Rashba SOC, which breaks inversion symmetry and responses for DM interaction. Including Rashba SOC in the calculation may bring new features and will require further studies, which is beyond the scope of the current work. In light of the importance of the interplay between disorder scattering and SOC, it will be important to develop a more analytical theory (such as the Boltzman equation and diagram expansion calculation 2 ) to take into account random scattering of multiple magnetic skyrmions or skyrmion lattice, SOC and disorder scattering, which will be another future direction. We would like to point out that although the current calculation is on a specific skyrmion texture, the presence of transverse scattering should exist for any spin textures, including random state, with net chirality 27 . It will be interesting to generalize this work to the investigation of THE-AHE crossover in other chiral systems.
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